MATH 280B Multivariate Calculus Spring 2011
Integration over a surface

Given a surface S in space, we can (conceptually) break it into small pieces each
of which has area dA. In some cases, we will add up these small contributions to get
the total area of the curve. We will represent this as

A:é/dA.

In other cases, we will have an area density o defined at each point on the surface and
we will add up small contributions of the form o dA to get a total (of some quantity
such as charge or mass). We will represent this as

Total = //O'dA.
S

To evaluate a given surface integral, we will generally build an iterated integral
in two variables. We can think of each of these variables as defining a family of
curves that fills the surface so that, at each point on the surface, a curve from one
family intersects a curve from the other family non-tangentially. An example is shown
in the figure below on the left with one family of curves in blue and the other in
red. Focus on a generic point on the surface. At this point, we can consider the
infinitesimal displacement dr} along one curve and the infinitesimal displacement drs
along the other curve as shown in the figure on the right below. These two infinitesimal
displacements form a parallelogram that has infinitesimal area vector dA = diy x dFs.
The magnitude of dA is our area element. That is, dA = ||dA].

As with curve integrals, how we compute dif; and drs, (in order to compute dA =
iy x dy, and dA = ||dA]|) depends on how we choose to describe the surface. Various
approaches are best illustrated by examples. In the first two examples, we will take
different approaches to the same problem.



| Example 1
Compute the area of the section of the paraboloid z = x* + y? for 0 < z < 4.

A= [ aa

paraboloid

The area is given by

We will evaluate this integral by constructing an iterated integral in two variables
and then evaluating that iterated integral. In this example, we make direct use of the
relation z = 22 + y? among the cartesian coordinates x, y, and z.

One family of curves on the surface is given by taking y to be constant. These
curves are parabolas in planes parallel to the xz-plane shown as the blue curves in
the figure below. From z = 2% 4 y? where y is a constant, we compute

dz =2x dx and dy = 0.
Substituting into dFy = dzi + dy j+ dz k, we get
diy = dzi+0j+ 2z dek = (i + 2x k) dx

A second family of curves on the surface is given by taking x to be constant. These
curves are parabolas in planes parallel to the yz-plane shown as the red curves in the
figure below. From z = 2? + y? where x is a constant, we compute

dz =2y dy and dx = 0.
Substituting into dry = dx i+ dy )+ dz /%, we get

diy =00+ dyj+2ydyk = (J+ 2y k) dy




We now compute dA as a cross product of dr} and drs:
dA = dF, x dF
= (i42xk)dr x (J+2yk)dy
= (1 42z k) x (j+ 2y k) dedy
= (1% )) 42y (i x k)4 22 (k x ) + dzy (k x k)
=k + 2y(—)) + 22(=1) + 4xy(0)
= 2171 —2yj+k.

We next compute the magnitude to get
dA = ||dA|| = /422 + 442 + 1|dz||dy].

To put together an iterated integral, we need to determine bounds on the variables
x and y. In this case, the paraboloid projects onto the disk of radius 2 in the xy-plane
so we can use the bounds

—2< <2 and — V4 —22 <y <Vi4—22

With these and our expression for dA, we have that the area is given by

2 Va—x2
A= // dA:/ VAx? + 4y? + 1 dxdy.
-2 J —V/4—2x2

paraboloid

Perhaps the easiest way to evaluate this integral is to convert to polar coordinates
which leads to

27 2
A= // dA:/ /\/4T2+17’d7’d9
o Jo

paraboloid

27 2
:/ d@/ VAar? +1rdr
0 0

2

using a substitution u = 4r% + 1

— (27 lég(w 1)

0
3/2
= (17/—_1>7T ~ 11.527.
6
To check if this is reasonable, we can compare to the surface area of a cylinder of
radius 2 and height 4 that includes the lateral side and a bottom but not a top. (You
should visualize or draw a picture to see the relationship between the paraboloid and
this cylinder.) This has an area of 27(2)(4) + 7(2)? = 127. The smaller value for the

area of the paraboloid is consistent with this.
| |

In our next approach to this same problem, we will use cylindrical coordinates so
we will get to the polar coordinate integral in a natural way.




| Example 2
Compute the area of the section of the paraboloid z = x* + y? for 0 < z < 4.

In cylindrical coordinates, the equation of the paraboloid is z = r?. With this, we

can express x, y, and z in terms of the two variables r and 6 as

xr =rcosb, Yy =r7rsiné, and z=r"

We can get two families of curves by taking 6 constant (blues curves in the plot below)
and by taking r constant (red curves in the plot below). For the first family of curves

with @ constant, we have
dx = cosfdr, dy = sin 0 dr, and dz = 2rdr

SO
diy = cos O dri+sin@drj+ 2rdrk = (cos 0+ sinf j+ 2r k) dr.

For the second family of curves with r constant, we have

dxr = —rsinf db, dy = rcosfdb, and dz=0

SO

diy = —rsin@dfi+rcos@dfj+ 0k = (—rsin i+ rcosf j) db.

We now compute dA as a cross product of dr; and dry:
dA = diy x dF
= (cosOi+sinfj+2rk)dr x (—rsinfi+rcosfj)do
—rcos?f (i x j) —rsin?6 (j x i) — 2r2sin @ (k x 1) + 2r? cos 0 (k x )
= rcos® 0 (k) — rsin®0 (—k) — 2r*sin 0 (3) + 2r? cos 0 (—i)
— —2r2cos 01 — 2r?sinf j + r(cos? 0 + sin® 0) k

= —2r%cosfi—2r’sinf )+ rk.



We next compute the magnitude to get

dA = ||dA|| = V4rt cos? 0 + 4risin2 0 + r2|dr||d6] = rv/4r% + 1 |dr||d6)].

To put together an iterated integral, we need to determine bounds on the variables
r and 6. In this case, the paraboloid projects onto the disk of radius 2 in the rf-plane
so we can use the bounds

0<8<2r and 0<r<2.

With these and our expression for dA, we have that the area is given by

2 2
A= // dA:/ /r\/47’2+1d7"d9.
0 0

paraboloid

Note that this is precisely the same integral we evaluated in Example 1 so we can
follow the same steps to get

A (1732 — 1)

~ 11.527.
We have already checked that this result is reasonable by comparing with an easy-to-
compute area.

We now look at an example of computing a total from a density.

| Example 3 |

Charge is distributed on a hemisphere of radius R with area charge density propor-
tional to the angle from the “north pole” of the hemisphere. Compute the total charge
Q in terms of R and the maximum density oy.

We will compute the total charge as
Q= / / odA
hemisphere

where o is the area charge density.

We can use spherical coordinates with p = R to write
x = Rsin ¢ cos ¥, y = Rsin¢sinf, and 2= Rcos¢

for 0 < ¢ < 7/2and 0 < 0 < 2w. We can get two families of curves by taking 6
constant (latitude circles on the sphere) and by taking ¢ constant (longitude semi-
circles on the sphere). For the first family of curves with 6 constant, we have

dr = Rcos¢cosfdp, dy = Rcos ¢sinf do, and dz = —Rsinpdo



SO
diy = R(cos ¢ cos 0+ cos ¢psinf ) — sin ¢ k) do.

For the second family of curves with ¢ constant, we have

I
o

dr = —Rsin ¢sin 6 db, dy = Rsin ¢ cos 6 db, and dz

SO
dry = R(sin¢sin 0 + sin ¢ cos 6 7) df.

Computing dA = di, x d7y and then computing the magnitude, we get
dA = R?*sin ¢ dodb.

(If you have not already done so in a previous example or problem, you should fill
in the details of these calculations. As an alternative, we could make a geometric
argument to get this expression for dA. We have previously done this type of argument
to get the volume element expression dV = p? sin ¢ dpdpdo).)

The charge density o is proportional to ¢ so we have ¢ = k¢ for some propor-
tionality constant k. The charge density will have its maximum value o for ¢ = 7/2
SO

2
0o = K which implies g =22
2 s
Thus, the area density o is related to ¢ by
20, 0
-2,

So, we can express the total charge as

// odA = //Wﬂbgb}%%mqbdgzﬁcw

hemisphere

The iterated integral is easy to evaluate by factoring and using the Fundamental
Theorem of Calculus, giving us

/2
20'0

O'() 2 . .
Q=— / d@/ ¢sinpdp = = R(27T)[smgb gbcosgbo

= 43200.

= 2% R(2m)(1)

Note that our result ) = 4R%0, has the correct units. We can also check that
it is reasonable by comparing to some easy-to-compute quantity. Specifically, for a
hemisphere with a uniform charge density of oy at each point, the total charge is
2mR?0y. Our result of 4R%0y is less than this which is consistent with having charge
density less than oy at points other than the equator of the hemisphere.




Problems: Integration over a surface

1. Compute the surface area of a sphere of radius R

Answer: A = 47 R?

2. Compute the surface area of the lateral side of a right circular cone of height H
and radius R.

Answer: A = TRV R? + H?

3. A torus is the doughnut-shaped surface formed by bending and gluing a right
circular cylinder section so that the central axis forms a circle. (You can also
think about a torus as generated by revolving circle around a fixed axis that
does not intersect the circle.) Let R be the radius of the cylinder and B be the
height of the cylinder. (Equivalently, R is the radius of the circle and B is the
distance from the circle center to the rotation axis.) The cartesian coordinates
of points on a torus can be described by the equations

r = (B + Rsin¢) cos 0, y = (B+ Rsin¢)siné, and 2z = Rcos ¢.

for 0 < ¢ <27 and 0 < 6 < 27. Note that we need B > R to have a true torus.
If B < R, the surface is a “sphere with dimples at the north and south pole”.
We also need to restrict the range for in order to avoid including a hidden inner
surface. If B = 0, then these formulas describe a sphere of radius R. For this,
we need to use 0 < ¢ < 7 to cover the sphere exactly once.

Compute the surface area of a torus with dimensions B and R with B > R.

Answer: A = 47°BR

e )
e

B=3and R=1 B=2and R=3

4. Charge is distributed on a hemisphere of radius R so that the area charge density
is proportional to the distance from the equatorial plane. Compute the total
charge @) in terms of R and the maximum density oy.

5. Charge is distributed on a torus generated by rotating a circle of radius R
around a circle of radius B (with B > R) so that the area charge density is
proportional to the distance from the central axis. Compute the total charge @)
in terms of R, B, and the maximum density oy.



